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1．Introduction
Inal-dimensionaldynamicalsystemarising仕omiteratesofasmoothfmctionwith
oneparameter,thebehaviorofperiodicorbitsofaExedlperiodChangesastheparameter
varies・FortheparametervaluesatwhiChstablecyclesofperiods(2ｍ＋l)2narebom
(tangentbifilrcation)anddieOperiod-doublingMmcation),Feigenbaumdiscoveredand
conjectureCltheuniversalasymptoticrateoftheirhestdiHbrenceswithrespectton・
Inthisarticlelassertthatsimilarphenomenaoccurwithrespecttom・Inorder
tomustratethisassertionlperfbrmthenumericalexperimentsfbrtheen世efimction
jLxexandfewmembersofthepolynomialfmilyconvergingtothisfimction．
2．Geometricanyconvergentsequenceｓ
Ｌｅｔｕｍ,、＝１，２，…beastrictlymonotonesequencewithrealterms;thenthe
週rstdi他Tence
△、ローｕｍ+l-um
isasequenceWhoseteｒｍｓｈａｖｅｔｈｅｓａｍｅｓｄｇｎＳｏｏｎｅｍａｙｆｂｒｍthesuccessiveratios
△ｕｍ+１
－
△zJnn
IfthisratiosconvergetoaliInitrsmanerthanlasmtendstothemHnitywecanthe
sequenceumcmunaz召ＢｓｇＳ伽ｅｍｂｎ〃wzithujfimate麺施工
Proposition2.1.Ａ9℃Dmetlvi‘aZ(Wnnwaz召pntse9Hencecnnvaz解ａ
Ｈ１ＤｏｆＯｂｓｅｒｖｅｔｈａｔｔｈｅａｂｏｖｅｓｕｃｃessmveratioconsdstsoftermswithｔｈｅｓａｍｅｓｎｇｎ・
HencewemayapplytlleDA1embertratiotestto△UmtoconcludethattheseriesZ△um
converges,thatis,thesequenceumhasa1imit．
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３．CascadesmthelDifUrcationdiagraｍ
ｌｎｔＵ]dssectionweareconcernedwithal-parameterfamilyofmappingsofthemterval
fX②＝’(x）几)．
Ifap(mtahaSperiod9,i､e・satisnesfXg(の＝a,andhasnosmanerpe】BiodS,then
canitapmnikme9-pez9iMjbpQintfbrムIitsmu血ipZiaz;i､e､,tllederivativeofrXg
atahastheabsolutevaluesmanertllanl,aiscamledanattzlactivneors如ムノb
periodicpoint・Inthe(Ｌｘ)PlanethelocuSof(Ｌａ）withstableaisknownasthe
hifimGa伽zlZfagpzmz・Ｌｅｔ
９＝２m(2JZ＋1）（ｍ≧0,,≧D
Ifaprimitiveひperiodicpointawithmultiplierldoesnotarisefromstableprimitive
２m-1(2,+1)-periodicpomtSbybifmcalion,then(几,ａ）isthe`Vroor,or"Origin''０ftlle
Ga剛dewithpmperstable2`(2,+1)-periodicp〔mtsasordinatemthebifUrcationdiagram．
Ｌｔの(、,、）andα(凪、）denotetheabscissaoftllerootfbr2m(2Zr+1)‐periodicpoint
withmultiplier-1（orl)respective1y・Inotllerwordsα(凪､ｳistllevalueof几
fbrwhichthe箔rstPstableperiodicpointofperi０．２m(2,+1)arisesandu)(凪のtlleone
fbrwllichitdiesandlstableperiodicp(mtofperiod2m+1(2,+1)isborn・
AccordingtoSharkovskiitheoremweseethat，
ｉｆ、＜､/ｔｈｅｎｌα(､,の｜＞｜α(､,､′）Ｉａｎｄｌの(､,の｜＞｜の(ｍ,､′）ｌ
ａｎｄｌｈａｔ
ｉｆｍ＜ｍ′ａｎｄ、,、ノ＞Othen
lα(､,、）｜＞｜α(､ｆ，、ノ）ｌａｎｄｌの(m,、）｜＞｜の(､／，、／）l
Hencewehave
PropoSitio、3.1．nhesequencBsα(、,、）ａｎαu)(ｍ,、）ａ２℃mono伽ebo釛秤九A１℃qP飾
勿manα、,ａｎａＩｕ)(m,、）｜＞｜α(m,、）｜、
FeigenbaumObservedthatthesequencesα(ｍ,、）ａｎｄの(、,、）withrespecttom
geometricanyconvergewith"universal"ultimateratio,ａｎｄafterwardsthiswasproven
byLanfbrdIandEpstemfbrawideclassoffi・IT1ussuccessiveratiosoMledr趾st
diffCrences
の(ｍ+2,,)－の(脈1,,）α(Zn+2,,)－α(、+1,,）
の(、+1,の－の(凪、）α(ｍ+1,の－α(zzM2）
converge,asmtendstoaninfmity,respective1ytolimitsの(｡｡,、）ａｎｄ⑩(｡｡,、）
whoserecdprocalnumbersarelmownbythename凡聯､伽umcnns伽胞
Byperfbmmgthecomputationwithaprogramdescribedmthenextsectionlhave
Obtamednumericalevidenceswhicllsupportsthefbmowingconjecture：
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Conjecture肋ｒｅａＧｈｚｎ，sequencasの(nＭ）ａＭα(、,の９℃ｎｍｅｔｚＴＭｂ'cnzmBzlga
MbI1epz1ecisG肱sHcUBs圏iwemtj②soMleimH2FMia跡ancBg
の(ｍ,､+2)－の(、,､+1）α(ｍ,､+2)－α(ｍ,肘1）
ｑ)(ｍ,け1)－の(nＭ）α(nＭ+1)一α(nＭ）
鵬mono伽ehZ6H219℃ｎａｍｆ伽Ｖａｌ19℃〃Zimi喝asｎ脚｡b〃ammHmry8
Wedenotebyp(、,n0andT(ｍ,mthealboveratiosandtheconjecturalultimateratios
aredenotedrespectivelybyp(m,。｡)ａｎｄて(､,。｡)．ItfbllowshomPropositio、2.1that
の（、,、）andα(ｍ,、）convergetolimitsの(凪｡｡)ａｎｄα(凪｡｡)respectivelyasntendsto
oo・ItisObviouSthatの(ｍ,｡｡)＝ａ（、,｡｡)．
Herearesomenumericalresultsaboutthem．
（１）For心(x)＝１－几ｌｘｌｑｗｅｈａｖｅ
ｉ）ｉｆ９＝２，⑩(0,。｡)＝1.54368901269…，ｐ(0,｡｡)＝0.3549…，
の(1,｡｡)＝1.43035763…，ｐ(1,｡｡)＝0.3374…，
の(2,｡｡)＝1.4074051181…，ｐ(2,｡｡)＝0.3394145…，
⑩(3,｡｡)＝1.40249217…， ｐ(3,。｡)＝0.33918…，
ｉｊ）ｉｆ９=３，の(0,。｡)＝1.61803398870796349600732…，ＭＯ,｡｡)=0.290892…，
の(１，。｡)＝1.5366213864468…，ｐ(1,｡｡)＝0.2633913…，
⑩(2,｡｡)＝1.5243173613341…，ｐ(2,｡｡)＝0.26789…，
の(3,｡｡)＝1.5222788300…， ｐ(3,｡｡)＝0.2671…
iii）ｉｆ９＝４，の(０，。｡)＝1.667960707…，，0(0,｡｡)＝0.2529…，
の(1,｡｡)＝1.604070164985077307…， ｐ(1,｡｡)＝0.2203248…，
の(2,｡｡)＝1.59617687728…；ｐ(2,｡｡)＝0.2268…
iv）ｉｆ９＝５の(0,。｡)＝1.7044075243878548…，ｐ(0,｡｡)＝0.227149…，
の(１，。｡)＝1.65186988024187094265…， ｐ(1,｡｡)＝0191885…
の(２，｡｡)＝1.6463079…， ｐ(2,｡｡)＝0.195…
（２）Forfz②＝ｒ３+(几－１)ｘ－几ｗｅｈａｖｅ
の(0,｡｡)＝-1.058967255201118704381…，ｐ(0,｡｡)＝0.36002818609…，
の(1,｡｡)＝-0.906551500186…， ｐ(1,｡｡)＝0.338249504…，
の(2,｡｡)＝-0.87603107…， ，o(2,｡｡)＝0.33925…
(3)Forfz②＝几xeXpxwitllthecriticalpoint-1weｈａｖｅ
の(0,｡｡)＝16.9990485568768866283192…，ｐ(０，。｡)＝0.297777…，
⑩(1,｡｡)＝15.2497271308…， ｐ(1,｡｡)＝0345508449…，
の(1,｡｡)＝-2.248011886138047…， ｐ(1,｡｡)＝0.299188649152…
の⑫,｡｡)＝14.8673150743…， ｐ(2,｡｡)＝0.338423019...,
の(2,｡｡)＝-2.1701396413…， ｐ(2,｡｡)＝0.3455368…
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の(3,｡｡)＝14.78813…， １０(3,｡｡)＝0.33930…
の(3,｡｡)＝-2.15246080…， ，0(3,｡｡)＝0.33839…
妬elimctmnノZxexpnl船０，４ﾘｱpezﾂＭｂｐ吻応of､evanPe加dbh几＜０，
becausenoMerMhasthesdgndiflbrentfrom心②ｉｆ几<0．Observealsothat，
ｒ几＞MheJz坊e丘ｍｃｔｊｂｎ几ｘｅ]ｑＤｘｈａｓｎｏｐｅｚＴＭｉｂｐｏｍｔｍｘ＞０，ｆｂｒｗｅｈａｖｅ
Ａ②＞xfbrx＞0．
(4)Thefimctionsf,ｚ②＝几ｘ(１＋ｘ/9)９，９＝１，２，…ｃonvergeunifbrmlyon
anyhitemtervaltoLrexUMbandhasthecriticalp(ｍｔ－９／(9＋1）with
mulIiplicityone(see[2，
i）ｉｆ９＝１，①(0,｡｡)＝3.678573510428322265…，ｐ(0,｡｡)＝0.3549107…，
の(1,｡｡)＝3.67857351043…， ｐ(1,｡｡)＝0.3549…，
の(1,｡｡)＝-1.592572184107…， ｐ(1,｡｡)＝0.337458936…，
ｍｉｆｑ＝２，ｑ)(0,｡｡)＝5.573819379730270856…，ｐ(0,｡｡)＝0.334…，
⑩(1,｡｡)＝5.35836787…， ｐ(1,｡｡)＝0.339307…，
の(1,｡｡)＝-1.788010399634…， ｐ(1,｡｡)＝0.318…，
の⑫,｡｡)＝5.31286100…， １０(2,｡｡)＝0.33926…
の(2,｡｡)＝-1.7571576…， ｐ(2,｡｡)＝0.34152…
iii）ｉｆα＝３，の(０，｡｡)＝7.026850258442919366…，ｐ(0,｡｡)＝0.32795…，
の(1,｡｡)＝6.6817449480…， ｐ(1,｡｡)＝0.34048…，
の(2,｡｡)＝6.608047241…， ｐ(2,｡｡)＝0.33906…，
の(1,｡｡)＝-2.00523…， ｐ(1,｡｡)＝0.309…，
の(2,｡｡)＝-1.8539571…， ｐ(2,｡｡)＝0.3425989…
iV）ｉｆ９＝４，の(0,｡｡)＝8.1656913903443185…，，o(0,｡｡)＝0.32218…，
の(1,｡｡)＝7.70289053…， ｐ(1,｡｡)＝0.341293…，
の(2,｡｡)＝7.603435…， ｐ(2,｡｡)＝0.339…，
⑩(2,｡｡)＝-1.91409…， ｐ(2,｡｡)＝0.343…，
Ｖ）ｉｆｑ＝５，の(０，｡｡)＝9.0778522950724483…，１０(０，。｡)＝0.3182554171（．)(０， ｡)＝9.0 785 295072 483…，１０(０，。｡)＝0.318255417104…，
の(1,.c)＝8.51149396…， ｐ(1,｡｡)＝0.341878…，
の(1,｡｡)＝-2.00523883603…， ｐ(1,｡｡)＝0309067977…，
の(2,｡｡)＝-1.9550754…， ｐ(2,｡｡)＝0.34364…，
の⑫,｡｡)＝8.38930276…， ｐ(2,｡｡)＝03388892…
FomH②＝几sinxWhiChhasthenegativeSchwarzianderivative【6】ｗｅｈａｖｅ
ｕ)(0,｡｡)＝2.809990637458189056131…，ｐ(0,｡｡)＝0.34042429…，
の(1,｡｡)＝2.73856961157876…， ｐ(1,｡｡)＝0.3391642188…，
の(2,｡｡)＝2.723419658…， ，o(2,｡｡)＝0.3392062…，
(5)
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の(3,｡｡)＝-2.72018006…，ｐ(3,｡｡)＝0.3392076…
Proposition32mefimctibnr1②＝几ｘ（１＋ｘ/9）９」hasnoparb此pointif・
ル１anαｘ＞０，ｏｒｒｌｘｌ＞ｑ＋９１几｜－Ｗ、
ＨｍｌＦＩｆルｌａｎｄｘ＞Otllen’０(1＋ｘ/9)９＞１implieMZ②＞xBInthe
lattercase,ｓｄｎｃｅｌｘｌ＞９，ｗｅｈａｖｅｌｘ/9＋１１≧ｌｘｌ／９－１＞０，ｈｅｎｃｅ
ｌＡ(x)｜≧Ｍｘｌ（ｌｘｌ／9-1)｡＞Ｍｘｌ（’几ｌ－Ｍｒ)９＝｜zl
bytheassumedmequa1ity．
４．Ｍa]KingTables
Ascllemetocomputeu)(ｍ,、）andα(､Ｍ１）wmbethefbmowing:mrst,onema1Ees
几changemamedspacinghandthen,fbreachLonesearchDperiodicpointx
bysoMngfXp(ｘ)－ｘ=OusmgtheNewtoniterationmetllods蜘弦ingaG2目ikjM
vzlﾉUeofYiasthemj肱mJxandl,mthesametime,calculateSmultiplieroffXpatx
and,ifthismultiplierisequalto-1（ｏｒl)appromlately,onehasonlytorecord
suchL
WeperfbrmtheaboveschemeusingKiCla,sUBASICwiththefbllowingprogram：
皿
加
釦
仙
釦
仙
刊
帥
肌
伽
加
川
伽
Ⅷ
刷
伽
加
伽
伽
printやarametercfbrdiBf=－１ofp-periodicpointofx→ｃｘ(1+x/q)八qF
pomtl5
input“ｑ,ｐ,ＣＯ,Ｃｌ,ｈ望;ｑ,ｐ,ＣＯ,Ｃｌ,ｈ
ｃ＝ｃＯ
Ｗｈｉｌｅｃ＞ｃｌ
ｘ＝－ｑ/(q、):I=１
Whilel＜５０
onerrorgoto220
ifabs(血h(x,c,q,p)－１）＜ODOOOOO1thengoto220
y＝ｘ－(fnf(x,c,q,p)－幻/(fnh(X,c,q,p)－１）
fbrj=1top理
ifanCl(p@j=０，abs(n1f⑥７，c,qj)－y)＜0.000001)thencanceMbr:goto220
nextj
ifabsG7-x)＜OOOOOOOO1thengotol80
x=y:print“."；
Ｉ=I＋1:wend
goto220
print"c,diff＝";c,ｈｈＯ,c,q,p）
ifandl(fmhO7,c,q,p)＜0.0,,1｡,c,q,p)＞-1.0)thengoto230
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ｒｅｍ正hhC,c,q,p)＞１.Othengoto230
zDmfbrj＝１top+1:printfimfU,c,qJ);:nextj
print"*";:ｃ=ｃ－ｈ:wend
beep:print`１Ｍゴ;ｐ;““;c：end
fnkCK,c,q）
ｘ＝ｃ＊ｘ＊(1+x/q)ﾊq
return③
fmf迫【,c,q,k）
localz,ｉ
ｚ=x:fbri=1tokz=hmMz,c,q):nextl
return②
fngCK,c,q）
ｘ＝ｃ＊(1+x/q)八(q－１)＊(1+x/q+x）
return(x）
fnh位,c,q,k）
localj,ｚ
ｚ＝血g(x,c,q）
fbrj=ltok-1:z＝ｚ＊血g(hmf(x,c,qj),c,０，:nextj
returMZ）
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
加
皿
胆
珊
釦
皿
鉋
潴
鉛
師
肥
仙
似
似
蛆
鮒
〃
侶
偲
5．RationalperiodicpointB
Ｒ・WaldeandP・RussoI7】havecomputedrationalperiodicp〔mtsfbrthedynamcs
arisingfiPomthequadraticfimclionx2＋GWeamlhereatasimilaranalysdsfbrthe
fimction几x(１＋ｘ／の9,9＝1,2．
mnecasewherefX(動＝几工（１+ｘ/2)２
mxedlpointSareObtaineClfrom
fX②－ｘ＝(x/4)ux2＋４ルビ+4入－４)＝q
Henceoneiss＝２几-1Ｅ－２ｉｆルOandtheotheris-4-５．５ａｎｄ几are
relatedlby（５＋2）2入＝４．Itfbnowsthat戯ＳαpQin応a２℃ｍｔｉＤｎａﾉｪf,aMon【リァr
1jsamtibnaJs9Ha29a
Periodicpointsofperiod2aresolutionsoｆ
Ｏ＝Ａ２②－Ｘ＝(几2ｘ/16)(ｘ＋２）２((几ｘ/4)(Ｘ＋２)2＋２）２－Ｘ
＝（ｘ/256)（几4x2(ｘ+2）６＋16入3ｘ(ｘ＋２）４＋６４几2(ｘ＋２）２－２５６｝
＝しr/256）（几(x＋２）２－４）
×(ｘ２(x+2)４几3＋４ｘ(r+2)2(r+4)几2＋16(x+2)２１＋６４）
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Thusprimilive2-periodicp(mtsareObtained仕ｏｍ
Ｏ＝(Ａ２②－Ｘ）／(ハ②－ｘ）
＝(ｘ/64）（ｘ(x+2)几+4）｛ｘ(r+2)Ｍ２＋8(x+2)几＋16）
Themddlefactorgivesus几＝－４ｘ-1（ｒ+2)-1,i､e,ｘ２＋２ｘ＋４入－１＝Ｏ;thence
x＝－１±几-1J（几２－４几）．Thusweseethat2pe正iMiUpmntxおmtimzaJr
anaozzかｒｊＭＢｍ血mnaIanα几２－４ＭＢａ極tiDnaIsqua１℃．Ｉtfbllowsfromthe
quadraticequatiｏｎ几２－４几－Ｖ2口￣2＝OWhereuanClvaremtegersthatthecondition
lsconvertedlmto4u2＋ｖ２おａｓ＠口azlemZ巳ｇａｒｗ２・Ihuswemayinferthat
the”exjbtmdag復ｚ１ｇｍａｎｄｎｓｕｃｈ功ａｔ
ｕ＝ｍ､，ｖ＝ｍ２－，２，Ｗ＝ｍ２＋、２，入＝（ｍ２＋、2)(､、)-1．
Nowthelastfactorgivesus
X(x＋2)３入＝－４(x+2）±４(x＋2)(l-2x-x2)1ﾉ２
Thisimpliesthat几由mkmnaJifandon【ｙｒ２ｐａ力dpomdsxおz魁mDnaIana
l-2x-x2＝２－(x＋1)２ｊＳａ麺tmnaねquaz℃ｖ２／u2,wllereu＞Oandvaremtegers・
Ifuischosensothatx＋１＝ｗｒ／ロｗｉｔｈａｎｍｔｅｇｅｒｗ,ｗｅｍａｙｆｉｎｄｍｔｅｇｅｒｓｍａｎｄｎ
ｓｕｃｈｔｈａｔ
ｕ＝ｍ２＋ｎ２ａｍｌｖ＝ｍ２－ｎ２＋２１２，，Ｗ＝ｍ２－ｎ２－２ｍｎ
（seeI5,ｐ､１３])．Ｓｍｃｅ－４±4(Ｗｕ）＝几(ｗ２－ｕ２)(w'＋u)ｕ－３ｗｅｈａｖｅ
几＝－(、2+､2)2ｍ~2(ｍ－ｎ)－２ｏｒ（2,2+､2)2(ｍ､)-1(ｍ－ｎ)－２
Ｊr＝－２ｍ（、＋、）(ｍ２＋、2)-１
ThecasewlnererjL(動＝几x(１＋ｘ／の。
mxedpointsareObtainedfiPom
f.l(xノーｘ＝ｘ(几ｘ＋几－１)＝0．
nus伍ｘｅｄｐ(mtxarerationalifandonly几isrationalandx＝几－１－１．
２－periodicpomtMresolutionsofthelastfblctoroftheequation
O＝fl2(動一ｘ＝ｘ{几8x8+2入3x2+(几＋1)几2ｘ＋几2-1｝
＝(几ｘ＋几－１)(几2蝉十几(几＋1)x＋几＋1)，
thediscriminantofwlhichis几2(几２－２几－３)．musweseethat2-pezzib此pomtx
js麺tibnanf,anaozz1yr几２－２入－３jbamtjbnaJ仏Putting几－１＝Ｍｖ
ａｎｄ“＝ＷＷｗｅｈａｖｅｕ２－ｖ２＝４炉．HencethereexistintegersmandIn
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Appendix
Tableの(ｍ,｡，ｐ(、,のｆＤｒ几ｘｅｘｐｘ
ｍ、の(、,、）
０123.559854782224106
０２18.581391481128502
０３17.469075451954268662
０４17.14160272965536
０５17.041989229686161292
０６17.011898829646316515
０７17.0028811930087720016
０８17.000190033840743559
０９16999388338557850044
p（、,、－２）
0.22560fB81
0.29440618
0.304188694
0.3020715068
0.29968483719
0.2984328683
0.297899612
０３９16.999048556876886628374097574365890128767440020.29757777974297045206
０４０16.999048556876886628335560145143019435098850120.297577779742970妬１７２
041169990485568768866283240922625178757068748129183930.297577779742970451803
０４２16.999048556876886628320679675467932448740099956029757777974297Ｍ5169
０４３16.99904855687688662831966416539043072056641844731342０.…7974297045
０４４16.999048556876886628319361972156261144446857061285392０…797429694611
０４５16.9990485568768866283192720461645836144321386282105381０…7975354717
０４６16.999048556876886628319272019404606668896795208724319756487０.…7975354717
０４７16.9990485568768866283192640562300810552937426534455515374０.…7975354717
０４８１６.99904855687688662831926168656628596143526482129699768242730.…7975000033
１１16.0562533
１２15.54072775
１３15.3553441800.35960109
１４15.2874983950.3659751
１５15.26302573400.360710116
１６15254363396270.35395978
１７15.2513353468730.349564917
１８15.25028370369950.3473005341
１９15.2499195605032０．３４６２６１１７０４
１２３15.24972713090377214126555502
１２４15.249727130860242441933467139
0.3455084503957
0.3455084498176
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0.34550844960768
084550844953159
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１
１
１
１
１
１
１
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4-2.254199982872251
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6-2.248577080808075
7-2.2481814004596292
8-2.24806264903920
9-2.248027078753115
0.2507618354
0.3038392828
0.3081856723
0.3044191696
0.3015290348
0.30011957
0.2995356
2６-2.24801188613806622145750708582575
27-2.2480118861380530881３４５７６４６５０７６３８７７４１
２８－２.248011886138049158793429970433945323
29-2.2480118861380479831791602922587271551
30-2.2480118861380476314487150231557192239
１１５．０３６２２１１９
214.926993800
314.888588131
４１４８７４７７５３１２
514.8698882802
614.868193662701
１
１
１
１
１
２
２
２
２
２
２
0.299188649154088110
0.29918864915280117
0.2991886491522728716
0.29918864915227504835
0.29918864915223369113
0.35161207
0.359655732
0.35380410037
0.34675580118
1１148673189992787690
1214.86731640267121427
1314.867315523878396190
1414.8673152264695053177
1-2.206590318
2-2.1834159807377
３－２．１７４９７５６７８２３２
033853037697
0.33846317506
0.33843882817
0.33842890469
２
２
２
２
２
２
２
0.364209001568
２２１-2.170139641349925497125380048
２２２-2.170139641333170263890741952
２２３－２.1701396413273807136300237021
0.3455368400159
0.345536836Ｍ489
0.345536834948349
